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Abstra t

A new S hwarz method for nonlinear systems is presented, onstituting the
multipli ative variant of a straight forward additive s heme. Lo al onvergen e
an be guaranteed under suitable assumptions. The s heme is applied to nonlinear a ousti -stru ture intera tion problems. Numeri al examples validate
the theoreti al results. Further improvements are dis ussed by means of introdu ing overlapping subdomains and employing an inexa t strategy for the lo al
solvers.
We present a new S hwarz type domain de omposition method for nonlinear problems.
Su h methods typi ally lead to s hemes where an outer iteration for the subproblem onne tion and an inner subspa e iteration on ea h subproblem have to be applied, [14, 16, 17℄.
Our method onstitutes, by means of a Gauÿ-Seidel type outer iteration, a multipli ative
variant of the straight forward additive s heme introdu ed in [9℄, and further rened in
[1, 6℄.
In Se tion 1, we rst repeat the general setting and the theoreti al results of the additive S hwarz method for nonlinear problems. Based on this framework, we introdu e and
analyze the orresponding multipli ative version. In the subsequent se tions, the domain
de omposition s heme is applied to nonlinear a ousti .stru ture intera tion problems. In
parti ular, we extend the elasto-a ousti problem formulation of [10℄ to geometri ally nonlinear stru tures, [8℄, and nonlinear a ousti wave propagation, [13℄. After introdu ing the
single eld problems in Se tion 2, we present the oupledproblem formulation in Se tion
3, yielding two illustrative numeri al s hemes using dierent solvers for the subproblems,
a Newton-like and a xed point iteration s heme. We nally present the results of several
numeri al examples in Se tion 4. First, the theoreti al results are validated and the onvergen e behavior of the additive and the multipli ative variant are ompared. Moreover,
further possible improvements of the s heme are dis ussed, one by the introdu tion of a
small subregion where both subdomains overlap, and another by employing an inexa t
strategy for the lo al linear solver.

1 Two S hwarz methods for nonlinear problems
The system we want to investigate is
∗

F (u ) =




Fe (u∗ )
= 0,
Fa (u∗ )

(1)

where Fe and Fa stand for the elasti and a ousti subproblems, respe tively. We remark
that this spe i de omposition is purely motivated by the appli ation presented afterwards, and that the theoreti al results presentedhere in this se tion are general and do not
depend on the physi al origin of the subproblems. Moreover, our results an be extended to
the ase of more than two subproblems, and we will learly indi ate how this an be done.
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A major reason for the potential e ien y of our approa h, even in the two-subdomain
ase, is that often only one part of the problem equations is nonlinear.
In the sequel, we assume that the elasti part Fe is nonlinear and the a ousti part Fa is
linear. Thus, we an exploit the stru ture of system (1) by onstru ting iterative s hemes,
where the nonlinear equations are de oupled from the linear ones in ea h iteration step.
The hoi e of the nonlinearity in the elasti part is arbitrary and an adaption to the other
ase an easily be done by hanging the role of the indi es. In the rst part, we present
the most straightforward alternative by means of a non-overlapping blo k Ja obi s heme
and repeat the results provided by [9℄. Se ond, we additional introdu e a multipli ative
variant of the s heme yielding an improved onvergen e behavior.

1.1 A nonlinearly pre onditioned Ri hardson s heme
We apply an additive s heme within the framework of nonlinear domain de omposition
methods provided by [9℄, and borrow the notation and the ideas from [1, 6℄. Indi ating
with m the global dimension of the system (1), we partition the set {1, . . . , m} into the
index sets Ie and Ia orresponding to the stru tural and to the a ousti degrees of freedom,
respe tively, and set mi = |Ii |, Ii = {i1 , . . . , imi }, i = e, a. Dening the prolongation
matri es EiT ∈ Rm×mi and the restri tion matri es Ei ∈ Rmi ×m by
(
1, ℓ = ik ,
i = e, a,
(Ei )kℓ =
0, else,
we set Pi = EiT Ei ∈ Rm×m , and dene the subspa es Ve and Va by Vi = Pi Rm . For the
dierent parts we have Fi = Pi F . Given v ∈ Rm , the orre tion Ti (v) ∈ Vi is dened as
the solution of the subspa e problem

Fi (v − Ti (v)) = 0,

i = e, a.

(2)

For the stru tural part, this subspa e problem is nonlinear and will be solved by Newton's
method. However, for the a ousti part, (2) gives the usual linear subspa e orre tion

Ta (u) = EaT (Ka∗ )−1 Ea Fa (u).
In the spirit of [6℄, we introdu e a new fun tion

F(u) = Te (u) + Ta (u),
referred to as nonlinearly pre onditioned F (u), and attempt to solve

F(u∗ ) = 0

(3)

instead of (1). The solvability of the subproblems (2) and the equivalen e of the two
nonlinear systems (1) and (3) are stated in the following theorem whi h is proved in [6℄
using the results from [9℄.
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Theorem 1.1 ([6, 9℄). Let the following assumptions be satised:

(A1) The Ja obian J(u) = F ′ (u) exists and is ontinuous in a neighborhood D of the exa t
solution u∗ .
(A2) The matrix J(u∗ ) is nonsingular.
(A3) The matri es Ei J(u∗ )EiT are nonsingular.
Then, the subproblems (2) are all uniquely solvable in a neighborhood of u∗ in D. Moreover,
the nonlinear systems (1) and (3) are equivalent in the sense that they have the same
solution in a neighborhood of u∗ in D.
It remains to solve the pre onditioned system (3). As suggested by [9℄, we employ a
standard Ri hardson iteration, namely, given u(k) and a damping parameter ω , we al ulate
in ea h iteration step

u(k+1) = Φ(u(k) ), with Φ(u) = u − ωF(u).

(4)

The expe ted onvergen e rate of (4) an be given in terms of the linearized problem
Au − b = 0 with A = J(u∗ ), b = Au∗ . In this ase, the subspa e iteration (4) redu es to
the well-known linear additive S hwarz method, [17℄, with the iteration matrix

Mω = I − ω

X

ea

EiT A−1
i Ei A,

Ai = Ei AEiT .

i= ,

Assuming
(A4)

kMω k ≤ ζ < 1,
the onvergen e behavior is des ribed by the following theorem.

Theorem 1.2 ([9℄). Assume (A1)-(A4), and let ζ ′ ∈ (ζ, 1). Then there is a neighborhood

D(ζ ′ ) of u∗ su h that

kΦ(v) − Φ(w)k ≤ ζ ′ < 1,

v, w ∈ D,

i.e., the nonlinear subspa e iteration (4) onverges in D and has the same asymptoti
onvergen e rate ζ as the linear iteration applied to the linearized equations.
Remark 1.3. One possible improvement is to repla e the simple Ri hardson iteration in

(4) by an inexa t Newton method. This yields so- alled ASPIN methods, i.e., Additive
S hwarz Pre onditioned Inexa t Newton methods. They have been introdu ed in [6℄, and
a proof of lo ally quadrati onvergen e under essentially the same assumptions (A1)-(A3)
is provided in [1℄. Here, we will present an alternative way.
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1.2 A multipli ative pre onditioner
In ontrast to the nonlinearly pre onditioned system (3), referred to as additive or Ja obi
variant in the sequel, we an dene a multipli ative or GauÿSeidel variant by setting

Fm(u) = Te (u) + Ta (u − Te (u)).

(5)

Similar to (3), we now try to solve the nonlinearly pre onditioned system

Fm(u∗ ) = 0.

(6)

To the best knowledge of the authors, no theory for this multipli ative type of nonlinear
subspa e pre onditioning exists. In order to analyze this ase, we rst need the following
lemma.
′
Lemma 1.4. Under Assumptions (A1)-(A3), the Ja obian J (u) = Fm
(u) is nonsingular

in a neighborhood of u∗ .

Proof. Setting u = u − Te (u) and applying the hain rule, we have that

J (u) = I − (I − Ta′ (u))(I − Te′ (u)).
We follow the argumentation for the additive ase from [1, 6℄. There, it is shown that

Ti′ (u) = Ji−1 (u − Ti (u))J(u − Ti (u)),
where Ji−1 (u − Ti (u)) is understood as the subdomain inverse, i.e., Ji−1 (u − Ti (u)) =
EiT (Ei Ji (u − Ti (u))EiT )−1 Ei , whi h is known to exist by Assumption (A3). By ontinuity
arguments, J(u − Ti (u)) and J(u − Ti (u)) are lose to J(u) in a neighborhood of u∗ . From
the same arguments it follows that the matri es

B(u) = I − (I − Ja−1 (u)J(u))(I − Je−1 (u)J(u))
and J (u) are ontinuous in a neighborhood of u∗ , and that

lim J (u) = lim∗ B(u) = J (u∗ ).

u→u∗

u→u

(7)

In the present simple ase of a de omposition into two nonoverlapping sets, it is easy to
expli itly onstru t the inverse B −1 (u) in terms of the subdomain Ja obians. In parti ular,
if we omit the dependen e on u for the moment, it is easy to see that


Je−1
0
B=
J,
Ja−1 Jae Je−1 Ja−1
and, therefore,

B

−1

=J

−1




Je
0
.
−Jae Ja

Using the regularity of B(u), the observation (7), and ontinuity, we obtain the desired

regularity of J (u) lose to u∗ .
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Remark 1.5. The generalization of the proof given above to the ase of many nonoverlap-

ping subsets is straightforward. However, in presen e of overlap, the proof of the regularity
of B(u) remains to be given.
Con erning the equivalen e of (1) and (6), we show the following result in analogy to
Theorem 1.1.
Theorem 1.6. Under Assumptions (A1)-(A3) from Theorem 1.1, the nonlinear systems
(1) and (6) are equivalent in the sense that they have the same solution in a neighborhood
of u∗ in D.
Proof. We follow the lines of the proof of Theorem 1.1 provided in [6℄. Assuming
that u∗ solves (1), we have Fi (u∗ ) = 0, i = e, a. Comparing this with the denition
of Ti in (2), and using the lo al unique solvability guaranteed by Theorem 1.1, we have
Ti (u∗ ) = 0. Therefore, u∗ is also a solution of (6). It remains to show that u∗ is unique in
′
a lo al neighborhood. By Lemma 1.4, the Ja obian Fm
(u∗ ) is nonsingular, and therefore,
a ording to the inverse fun tion theorem, the solution is lo ally unique.

In order to solve (6), we apply the Ri hardson iteration (4) with F repla ed by Fm,
namely,
u(k+1) = Φm (u(k) ), with Φm(u) = u − ωFm(u).
(8)

We expe t that an analogue of Theorem 1.2 has to hold, i.e., the onvergen e rate should
be lose to the one of the orresponding linear iteration applied to the linearized problem.
In parti ular, the Ri hardson iteration in the linear ase des ribed above redu es to the
standard multipli ative S hwarz method with the iteration matrix
!
Y
Mω,m = I − ω I −
(I − EiT A−1
i Ei A) .

ea

i= ,

Analogous to (A4), we now assume that
(A4′ )

kMω,m k ≤ ζ < 1.

Theorem 1.7. Assume (A1)-(A3),(A4′ ), and let ζ ′ ∈ (ζ, 1). Then there is a neighborhood

D(ζ ′ ) of u∗ su h that

kΦm (v) − Φm (w)k ≤ ζ ′ < 1,

v, w ∈ D.

i.e., the nonlinear subspa e iteration (8) onverges in D and has the same asymptoti
onvergen e rate ζ as the linear iteration applied to the linearized equations.
Proof. We alternate the proof of Theorem 1.2 presented in [9℄. There, the analysis is

based on weaker assumptions employing a general dieren e quotient DF . Sin e (A1) is
satised, we an hoose DF (u′ , u′′ ) ∈ Rm×m as
Z 1
′
′′
DF (u , u ) =
J(u′ + t(u′′ − u′ )) dt.
0
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In [9℄, it is shown that
(9)

Ti (u′ ) − Ti (u′′ ) = DTi (u′ , u′′ )(u′ − u′′ ),
for all u′ ,u′′ su iently lose to u∗ , where DTi (u′ , u′′ ) is dened as

DTi (u′ , u′′ ) = EiT (Ei DF EiT )−1 Ei DF,

DF = DF (u′ − Ti (u′ ), u′′ − Ti (u′′ )).

Moreover, DTi (u′ , u′′ ) satises
as u′ , u′′ → u∗ .

DTi (u′ , u′′ ) → Ji−1 (u∗ )J(u∗ )

(10)

In view of (5), and starting from u′ , u′′ , we set u = u′ − Te (u′ ), u
b = u′′ − Te (u′′ ), and derive
from (9) the relation

Ta (u) − Ta (b
u) = DTa (u, u
b)(u − u
b)
′
= DTa (u, u
b)(u − u′′ − (Te (u′ ) − Te (u′′ )))
= DTa (u, u
b)(I − DTe (u′ , u′′ ))(u′ − u′′ ).

(11)

The denition (5) of Fm yields

Φm (u′ ) − Φm (u′′ ) = (u′ − u′′ ) − ω ((Te (u′ ) − Te (u′′ )) + (Ta (u) − Ta (b
u))) ,
and inserting (9) and (11), we have

Φm(u ) − Φm (u ) =
′

′′







′
′′
(u′ − u′′ ).
I − ω I − I − DTa (u, u
b) I − DTe (u , u )

Employing (10) and the fa t that u, u
b → u∗ as u′ , u′′ → u∗ , we see that





I − ω I − I − DTa (u, u
b) I − DTe (u′ , u′′ )



→ Mω,m

as u′ , u′′ → u∗ .

Therefore, (A4′ ) implies the desired assertion.

Remark 1.8. By using indu tion arguments, the proof of Theorem 1.7

generalized to the ase of many subdomains.


an easily be

Remark 1.9. As mentioned in Remark 1.3, a further improvement ould be a hieved

by employing an inexa t Newton method instead of the Ri hardson s heme 8, yielding a
multipli ative variant of ASPIN methods, [1, 6℄. This learly is subje t of our future work.
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2 Model equations
In the following two appli ation-oriented se tions of this paper we derive the dierent nonlinear subproblems of system (1) in order to apply the theoreti al results. The eld of
uid-stru ture intera tions ontains many appli ations for elasto-a ousti oupling problems, espe ially nonlinear ones. Linear elasti ity is restri ted to the ase of small deformations. Nonlinear a ousti ee ts in luding dissipation and generation of higher harmoni s
play an important role in ultrasoni s. The hoi e of a velo ity potential or pressure based
formulation for the a ousti part and of a displa ement one of the elasti part results in
Diri hletNeumann type interfa e onditions. We start with introdu ing the single eld
problems of elasto-dynami s and of a ousti s, providing the strong and weak ontinuous
formulations.

2.1 Nonlinear stru tural dynami s

We investigate the deformation of an elasti body Ωe ⊂ Rd with density ρe : Ωe → R under
given time dependent volume and surfa e for es f and g . The boundary of Ωe with unit
normal ve tor ne is the union of disjoint subsets ΓNe and ΓDe , on whi h natural and essential
data are given, respe tively. If the strains remain small but the deformations be ome large,
one has at least to onsider the geometri ally nonlinear elasti ity setting. This amounts to
using the full GreenSt. Venant tensor

1
1
E = (F T F − Id) = (C − Id),
2
2

(12)

with F = Id + grad u the deformation gradient and C = F T F the right Cau hyGreen
strain tensor. We have the onstitutive law

S = λL (tr E)Id + 2µL E = CE,

(13)

dening the se ond PiolaKir hho stress tensor S , with C the Hooke-tensor and the Lamé
onstants λL , µL . The strong formulation for elasto-dynami problems then reads as follows:
given u0 , u1 , f : Ωe → Rd , nd u : Ωe × (0, T ) → Rd su h that

ρe utt − div (F S) = f

in Ωe × (0, T ),

(14a)

omplemented by the boundary onditions

u = 0 on ΓDe × (0, T ),

F Sn = g on ΓNe × (0, T ),

and initial onditions

u(·, 0) = u0 , ut (·, 0) = u1

in Ωe .

(14b)
(14 )

Under additional assumptions on the data, it is possible to establish the well-posedness of
(12)(14 ), f. [8℄, [15℄. For the weak formulation, it is natural to use the spa e

X e = (HΓ1De (Ωe ))d = {v ∈ (H 1 (Ωe ))d : γ0 v = 0}
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where γ0 : (H 1 (Ωe ))d → (H 1/2 (ΓDe ))d denotes the usual tra e operator. We employ the
standard setting of Sobolev spa es for evolution problems, the spa e L2 (0, T ; X) onsists
of fun tions t 7→ v(t) whi h are Lebesgue-measurable on (0, T ) with respe t to the measure
dt, su h that
Z T
1/2
2
kvkL2 (0,T ;X) =
< ∞.
kv(t)kX dt
0

The resulting variational problem reads:
nd u ∈ L2 (0, T ; X e ), u̇ ∈ L2 (0, T ; L2 (Ωe )), and ü ∈ L2 (0, T ; H −1 (Ωe )) su h that for all
times t ∈ (0, T )

hρe ü, viΩe + ae (u, v) = le (v) = (f , v)Ωe + (g, v)ΓNe ,

v ∈ X e,

(15)

together with initial onditions (14 ). In (15), h·, ·iΩe indi ates the duality produ t on
X e × (X e )′ . Transforming to the weak setting, the nonlinearity in (12) results in the fa t
that
P4 ae (·, ·) is nonlinear in the rst and linear in the se ond argument, i.e., ae (u, v) =
i=1 ae,i (u, v), is given by, f. [8℄,


1 
ae,2 (u, v) = (C (grad u)T grad u , grad v)Ωe ,
2


1
ae,3 (u, v) = (grad uC grad u, grad v)Ωe , ae,4 (u, v) = (grad uC (grad u)T grad u , grad v)Ωe ,
2
ae,1 (u, v) = (Cε(u), ε(v))Ωe ,

with the linearized strain tensor

1
ε(u) = (grad u + [grad u]T ).
2

2.2 Linear stru ture dynami s
Assuming small deformations and small strain, it is su ient to investigate the linear
system
ρe utt − div (σ) = f in Ωe × (0, T ),
with the stress tensor σ given by Hooke's Law

σ = λL (tr ε)Id + 2µL ε,
omplemented by the boundary onditions

u = 0 on ΓDe × (0, T ),

σn = g on ΓNe × (0, T ),

and initial onditions (14 ). The weak form is analogous to (15) with ae (·, ·) repla ed by
alin
e (·, ·) = ae,1 (·, ·).
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2.3 Nonlinear a ousti waves

For the des ription of the a ousti wave propagation within a domain Ωa ⊂ Rd , we use the
wave equation for the velo ity potential ψ , i.e., v a = −∇ψ with v a denoting the a ousti
velo ity eld. The a ousti pressure pa is then related to the a ousti velo ity potential ψ
by
pa = ρa ψt
(16)

with ρa : Ωa → R the mean density of the uid. This onne tion will be important for an
interfa e ondition of for e transition in the oupled system. Indi ating with c : Ωa → R
the speed of sound, the a ousti problem with the nonlinear wave equation derived by
Kuznetsov [13℄ reads as follows:
given ψ0 , ψ1 : Ωa → R, nd ψ : Ωa × (0, T ) → R su h that


1
1 ∂
1 B 2
2
in Ωa × (0, T ),
(17a)
ψtt − △ψ = 2
ψ + (∇ψ)
b△ψ + 2
c2
c ∂t
c 2A t
with boundary onditions

ψ = 0 on ΓDa × (0, T ),

∇ψ · na = g on ΓNa × (0, T ),

and initial onditions

ψ(·, 0) = ψ0 , ψt (·, 0) = ψ1

in Ωa .

(17b)
(17 )

The parameter b involves thermodynami al ee ts as well as the vis osity of the uid,
whereas B/A is alled the nonlinearity parameter of the uid. From a modeling point of
view one ould extend (16) to a higher a ura y relation pa = ρa (ψt + 12 (∇ψ)2 − 2c12 ψt2 ),
[11℄, whi h would lead to a dierent for e interfa e ondition. But the o urren e of the
nonlinear ee ts depends only on the nonlinear wave equation (17a). Due to this fa t we
onsider here ondition (16). Setting X a = HΓ1Da (Ωa ), the weak form of (17) reads:

nd ψ ∈ L2 (0, T ; X a ), ψ̇ ∈ L2 (0, T ; L2 (Ωa )), and ψ̈ ∈ L2 (0, T ; H −1 (Ωa )) su h that for all
times t ∈ (0, T )

h

1
ψ̈, wiΩa + aa (ψ, w) = la (w),
c2

w ∈ X a,

(18)

in addition with the initial onditions (17 ), where aa (ψ, w) = aa,1 (ψ, w) + aa,2 (ψ, w) is
splitted into one part deriving from the linear wave operator and another, whi h arrives
from the nonlinear aspe t

aa,1 (ψ, w) = (∇ψ, ∇w)Ωa ,
B/A
2
b
aa,2 (ψ, w) = ( 2 ∇ψ̇, ∇w)Ωa − h 4 ψ̈, ψ̇wiΩa − ( 2 ∇ψ̇, ∇ψw)Ωa .
c
c
c
The linear fun tional is similarly dened as

la (w) = la,1 (w) + la,2 (w)
= hg, wiΓN + hġ, wiΓN .
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2.4 Linear a ousti waves
The Kuznetsov equation (17a) easily allows a onne tion to the linear wave equation

1
ψtt − △ψ = 0 in Ωa × (0, T ),
c2
by setting the right hand side to zero. Hen e, we have in (18) the bilinear form alin
a (·, ·) =
lin
aa,1 (·, ·) and the right hand side la (·) = la,1 (·).

3 Coupled systems
In the following, the oupled problem of elasto-a ousti s is presented. We rst fo us on the
interfa e onditions, where the time derivative of the Diri hlet data from one side is oupled
with the Neumann data from the other side. After that, we observe how these onditions
enter into the variational formulation. Subsequent to the ontinuous weak formulation, the
semi-dis rete problem obtained after spatial dis retization is presented.

3.1 Stru ture-a ousti interfa e
At a solid-uid interfa e Γ, as depi ted in Figure 1(a), the ontinuity requires that the
normal omponent of the me hani al surfa e velo ity of the solid must oin ide with the
normal omponent of the a ousti velo ity of the uid. Thus, the following relation between
the velo ity v e of the solid expressed by the me hani al displa ement u and the a ousti
parti le velo ity v a expressed by the a ousti s alar potential ψ arises:

0 = (v e − v a )·n = ut ·n + ∇ψ·n on Γ × (0, T ),

(19)

where the unit normal ve tor eld n on Γ points outward of Ωe . In addition, one has to
onsider the fa t that the ambient uid auses a surfa e for e f Γ = −pa n = −ρa ψt n, see
(16), whi h a ts like a pressure load on the solid. Therefore, a se ond oupling ondition
is given by
F Sn + ρa ψt n = 0 on Γ × (0, T ).
(20)

3.2 Coupled eld formulation
Let us onsider a setup of a oupled me hani al-a ousti problem as shown in Figure
1(b), where at the interfa e Γ we have to onsider the solid-uid oupling. Now, within
the domain Ωe the initial boundary value problem (14) for the me hani al eld, within
the domain Ωa the initial boundary value problem (17) for the a ousti eld, and along
the interfa e Γ the oupling onditions a ording to (19) and (20) have to be satised.
Transforming to the weak form, assuming that homogeneous Neumann data is given on
Γa , we obtain for the me hani al system

hρe ü, viΩe + ae (u, v) − hv, F SniΓ = le (v),

14

(21)

(a)

(b)

ve

na
n

Γ

e

n

fluid
solid

Ω
Ωa

Γ
Γa

Figure 1: (a) Solid-uid interfa e, (b) setup of the oupled elasto-a ousti problem.
and for the a ousti system

h

z }|
˙ {
1
a + aa (ψ, w) + hw, ∇ψ · niΓ + hw, γ0 ∇ψ·n iΓ = 0.
ψ̈,
wi
Ω
c2

(22)

It should be noted that the plus sign in (22) in front of the rst boundary integral over Γ is
due to the hoi e of n to point outward with respe t to the stru ture Ωe , see Figure 1(b).
In orporating the oupling onditions (19) and (20), we arrive at the following oupled
system of equations

h

1
ψ̈, wiΩa
c2

z}|{
˙
hρe ü, viΩe + ae (u, v) + hρa v·n, γ0 ψ iΓ = le (v),
z }|
z }|
¨ {
˙ {
+ aa (ψ, w) − hw, γ0 u·n iΓ − hw, γ0 u·n iΓ = 0.

(23)
(24)

Before we perform a domain dis retization, we multiply (24) by ρa in order to obtain a
boundary integral similar to the one in (23). Thus, the matri es, o urring from a nite
element dis retization of these two boundary integrals, will be the negative transpose of
ea h other. We nally arrive at the variational problem of nding (u, ψ) ∈ L2 (0, T ; X e ×
X a ) su h that for all times t ∈ (0, T ):

h

ρa
ψ̈, wiΩa
c2

z}|{
˙
hρe ü, viΩe + ae (u, v) + hρa v·n, γ0 ψ iΓ = le (v), v ∈ X e ,
z }|
z }|
˙ {
¨ {
w ∈ X a.
+ aa (ψ, ρa w) − hρa w, γ0 u·n iΓ − hρa w, γ0 u·n iΓ = 0,

(25a)
(25b)

Our main fo us in this paper on entrates on the nonlinear elasti /linear a ousti system
on the one hand and on the linear elasti /nonlinear a ousti system on the other. The
problem formulations do not dier essentially from (25) be ause nearly all of the nonlinear
ee ts are hidden in the denition of ae (·, ·) and aa (·, ·).
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Nonlinear Elasti / Linear A ousti System
Find (u, ψ) ∈ L2 (0, T ; X e × X a ), (u̇, ψ̇) ∈ L2 (0, T ; L2 (Ωe ) × L2 (Ωa )), and (ü, ψ̈) ∈
L2 (0, T ; H −1 (Ωe ) × H −1 (Ωa )), su h that for all times t ∈ (0, T ):
z}|{
˙
hρe ü, viΩe + ae (u, v) + hρa v·n, γ0 ψ iΓ = le (v), v ∈ X e ,
z }|
ρa
˙ {
h 2 ψ̈, wiΩa + alin
(ψ, ρa w) − hρa w, γ0 u·n iΓ = 0,
w ∈ X a.
a
c

(26a)
(26b)

Linear Elasti / Nonlinear A ousti System
Find (u, ψ) ∈ L2 (0, T ; X e × X a ), (u̇, ψ̇) ∈ L2 (0, T ; L2 (Ωe ) × L2 (Ωa )), and (ü, ψ̈) ∈
L2 (0, T ; H −1 (Ωe ) × H −1 (Ωa )), su h that for all times t ∈ (0, T ):
z}|{
˙
γ0 ψ iΓ = le (v), v ∈ X e ,
hρe ü, viΩe + alin
(u,
v)
+
hρ
v·n,
a
e
z }|
z }|
ρa
˙ {
¨ {
h 2 ψ̈, wiΩa + aa (ψ, ρa w) − hρa w, γ0 u·n iΓ − hρa w, γ0 u·n iΓ = 0,
w ∈ X a.
c

(27a)
(27b)

We remark that an alternative oupled problem an be derived, if, instead of the
potential-based formulation, a displa ement-based problem formulation is hosen also for
the uid domain. A rigorous mathemati al error analysis for the purely linear ase is provided in [2℄ for the ase of mat hing grids whi h ould be extended to the non-mat hing
situation. There, due to the displa ement-based formulation, the weak form of the subproblem for the uid is an H div -problem requiring a non-standard dis retization by means
of RaviartThomas nite elements. Here, we are able to use standard Lagrangian nodal
nite elements in both domains.

3.3 Dis retization
For the following onsiderations, the notation sets up on [12℄, in ombination with [1, 6℄.
For the time integration of nonlinear stru tural dynami s, we will onsider the generalized
α-method, whi h extends Newmark's method by introdu ing two additional parameters
αm , αf ∈ [0, 1] and setting

ün+1−αm = (1 − αm )ün+1 + αm ün , u̇n+1−αf = (1 − αf )u̇n+1 + αf u̇n ,

(28a)

un+1−αf = (1 − αf )un+1 + αf un ,

(28b)

f n+1−αf = (1 − αf )f n+1 + αf f n .

Applying (28) to nonlinear stru tural dynami s on the spatially dis rete level yields the
system
Me ün+1−αm + Ce u̇n+1−αf + Ne (un+1−αf ) = f n+1−αf ,
with the onstant mass matrix Me , the onstant damping matrix Ce , the internal for es
Ne , and the external load f .
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Setting a1 = (1 − αf )γ/(β∆t) and a2 = (1 − αm )/(β∆t2 ), the generalized mid-point
velo ities and a elerations an be given as fun tions of the end-point displa ements un+1
by

ḃ n ,
u̇n+1−αf (un+1 ) = a1 un+1 − u
ḃ n = a1 un + (1 − αf )γ − β u̇n + (1 − αf )(γ − 2β) ∆tün ,
u
β
2β
b̈ n ,
ün+1−αm (un+1 ) = a2 un+1 − u
b̈ n = a2 un + 1 − αm u̇n + 1 − αm − 2β ün .
u
β∆t
2β

(29a)
(29b)
(29 )
(29d)

This gives the ee tive stru tural equation

0 = Fee (un+1 ) = Ne (un+1−αf ) − f n+1−αf + Ce u̇n+1−αf (un+1 ) + Me ün+1−αm (un+1 ). (30)

The appli ation of Newton's method to (30) amounts to solve in ea h iteration step q the
linear system
q
Ke∗ (uqn+1 )∆u = −Fee (uqn+1 ),
∆u = uq+1
n+1 − un+1 ,
with the deformation-dependent ee tive tangential matrix K ∗ (uqn+1 ) given by

t
Ke∗ (uqn+1 ) = Kn+1−α
(uqn+1 ) + a1 Ce + a2 Me ,
m

(31)

t
where Kn+1−α
(uqn+1 ) denotes the tangential stiness matrix
m
Kt

q
n+1−αm (un+1 )

=

∂Ne (uqn+1−αf )
∂un+1

.

(32)

The generalized α-method applied to the weak form (27b) of the wave equation (17a)
for the a ousti velo ity potential ψ gives

Ma ψ̈n+1−αm + Ca ψ̇n+1−αf + Ka ψn+1−αf = N1 (ψ̇n+1−αf )ψ̈n+1−αm + N2 (ψn+1−αf )ψ̇n+1−αf ,
(33)
with onstant matri es Ma , Ca , Ka and
Z
Z
X
X
B/A
[N1 (ψ̇)]ij =
(34)
φ
φ
φ
ψ̇
,
[N
(ψ)]
=
2φ
∇φ
·
∇φr ψr .
i
j
r
r
2
ij
i
j
2
Ωa c
Ωa
r
r

Here, φr denotes the standard nodal basis fun tions for the a ousti potential ψ asso iated
with the node r. Similar as for the elasti part, we have to solve a linear system in ea h
time step

ḃ + M ψ
b̈
Ka∗ ψn+1 = Ca ψ
a n + Na (ψn+1 ),
n

where Na (ψn+1 ) denotes the Newmark representation of the right hand side in (33) and

Ka∗ = Ka + a1 Ca + a2 Ma .
This gives the ee tive a ousti al equation

ḃ − M ψ
b̈
0 = Fea (ψn+1 ) = Ka∗ ψn+1 − Ca ψ
a n − Na (ψn+1 ).
n
17

3.4 The global systems
We set u = (u, ψ)T and the matri es
!
Ke 0
K=
, C=
0 Ka

Ce

T
−Cea

Cea
Ca

!

, M=

Me

0

Mae Ma

!

,

(35)

and the ee tive stiness matrix

Furthermore let us dene

K ∗ = K + a1 C + a2 M.

(36)

ḃn + M u
b̈n .
u
en = C u

(37)

Finally we arrived at our fully dis rete systems:

Nonlinear Elasti / Linear A ousti Dis rete System
The global dis rete system oupling nonlinear stru tural dynami s with linear a ousti s
reads




 
f n+1−αf
Ne (un+1−αf )
Fe (un+1 )
+ (a1 C + a2 M )un+1 − u
en −
.
0 = F (un+1 ) =
=
Fa (un+1 )
Ka ψn+1
0
(38)

Linear Elasti / Nonlinear A ousti Dis rete System
The global dis rete system oupling linear stru tural dynami s with nonlinear a ousti s
reads
!
!
Fe (un+1 )
f
n+1−α
f
0 = F (un+1 ) =
(39)
= K ∗ un+1 − u
en −
.
Na (ψn+1 )
Fa (un+1 )
Now, we have derived the requested form (1) of dierent nonlinearities in stru turea ousti intera tion appli ation. It remains to show, that the theory of Se tion 1 an be
applied to the systems (38) and (39). This will be done in the following two statements.
Lemma 3.1. The Assumptions (A1)-(A3) hold for F dened by (38) and the de omposition
introdu ed above.
Proof. By the denition of F in (38), the Ja obian J(u) is given by

!
T
e
Ke (u) B
e Ka∗ ,
−B
∗

J(u) =
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e T = a1 Cea . Being onstant,
with Ke∗ (u) and Ka∗ dened by (31) and (36), respe tively, and B
e are ontinuous. Moreover, due to the use of the geometri ally
it is obvious that Ka∗ and B
nonlinear elasti ity model (12)(14a), the ee tive tangent matrix Ke∗ (u) is given in terms
of polynomials of the gradient grad u, and is also ontinuous, whi h proves (A1). The
subdomain matri es Ei J(u∗ )EiT , i = e, a, are given by Ke∗ (u) and Ka∗ , respe tively. Sin e
one omponent is the multiple a2 Mi with Mi being the orresponding mass matrix and
with a2 = O(∆t−2 ), both matri es are positive denite for ∆t small enough, provided that
αm < 1 and β > 0, regardless of the underlying boundary onditions. This shows (A3).
In order to investigate the regularity of the global Ja obian J(u∗ ), we split the degrees of
freedom asso iated with the a ousti potential ψ into (ψI , ψΓ ) orresponding to the interior
nodes and the interfa e nodes, respe tively. This allows to de ompose J(u) into

 ∗
BT
Ke (u) 0
KII KIΓ  ,
J(u) =  0
(40)
−B KΓI KΓΓ
with the obvious meanings for the newly introdu ed submatri es. We note that in order to
analyze the regularity of J(u) within the framework of saddle point problems, the matrix

e T = 0 B T would have to satisfy an inf-sup ondition of the form
B

e
e T ψk ≥ βkψk,
kB

ψ ∈ Rma ,

whi h learly is not the ase (take ψ = (ψI , 0)T ). However, by means of the S hur omplement Sa = KΓΓ − KΓI KII−1 KIΓ , we an equivalently reformulate the system J(u) = g as
e = ge with
J(u)
 ∗

Ke (u) B T
e
J(u) =
(41)
.
−B
Sa

Now, the matrix B T is well understood within the framework of mortar nite elements,
[3, 4℄, and, in the ase of the employed dis retization, is known to satisfy the required
inf-sup ondition, namely, there exists β > 0 su h that

kB T ψΓ k ≥ βkψΓ k,

ψΓ ∈ RmΓ .

Furthermore, the ee tive tangent matrix Ke∗ (u) is positive denite as justied above, and
the S hur omplement Sa of the positive denite matrix Ka∗ is itself positive denite. Thus,
e ,
the standard saddle point theory, [5℄, an be applied to (41), yielding the regularity of J(u)
and, therefore, of J(u), whi h justies (A2).


Lemma 3.2. The Assumptions (A1)-(A3) hold for F dened by (39) and the de omposition

introdu ed above.

Proof. We an alter the proof in order to use it for the linear elasti / nonlinear a ousti
problem (39). We follow the argumentation of the nonlinear elasti ity on ept ex ept of
dening J as
!
∗
Kea
Ke∗
J(u) =
,
∗
Kae
Ka∗ − JNa (ψ)
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with JNa (ψ) being the Ja obian of Na (ψ). From denition (34) we see that Na depends
ontinuously on ψ and ∇ψ . Together with the fa t that the ee tive stiness matrix K ∗
is onstant, ondition (A1) is fulllled. Furthermore, we set
∗
e T = Kea
= a1 Cea ,
B

∗
T +a M .
Kae
= −a1 Cea
2 ae

T
For the Kuznetsov equation, we have Mae = − cb2 Cea
and hen e


a2 b e
∗
Kae = − 1 +
B.
a1 c 2

We now dene Ka∗ (ψ) = Ka∗ − JNa (ψ), whi h leads to the Ja obian


eT
Ke∗
B
.

J(u) =  
e Ka∗ (ψ)
− 1 + aa21 cb2 B
De ompose u into (uI , uΓ ), then


KII
KIΓ
0


T 
KΓI
e
K
B
ΓΓ
J(u) = 
.




e K ∗ (ψ)
0 − 1 + aa21 cb2 B
a

Here we an simply divide the last line and the orresponding right hand side by (1 + aa12 cb2 ).
The S hur omplement Sa = KΓΓ − KΓI KII−1 KIΓ leads to the matrix

T 
B
S
a
e =
,
J(u)
−B Ka∗ (ψ)
for whi h the same arguments as for (41) hold.



Remark 3.3. The global Ja obian J(u) ould also be analyzed dire tly within the frame-

work of generalized saddle point problems, [7℄. In parti ular, (40) has the stru ture


A B1T
,
−B2 C

with A = diag(Ke∗ (u), KII ), B1 = (B, KΓI ), B2 = (B, −KΓI ), C = KΓΓ . However, the
regularity ould only be guaranteed provided that the ontra tion fa tor of a orresponding
x point mapping involving the ontinuity and ellipti ity onstants would be su iently
small. With the problem adapted proof given above, it is not ne essary to deal with this
ontra tion fa tor.
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3.5 The iterative solution pro edures
We present the overall iterative solution pro edure for system (38) in Algorithm 1 and for
system (39) in Algorithm 2. The essential algorithmi dieren e is that we use Newtons
method for the resolution of the nonlinear elasti subproblem, while we employ a xed
point iteration for the nonlinear a ousti part.
Algorithm 1 Iterative solution by a nonlinearly pre onditioned Ri hardson s heme

Set up the matri es M , C , Ka , Ka∗ .
for all time steps n = 1, . . . do
ḃ, u
b̈, u
Cal ulate f , u
e.
for all Ri hardson steps k = 1, . . . do
for all Newton steps q = 1, . . . do
Cal ulate K t (u), Ke∗ (u), Fe (u).
Solve Ke∗ ∆u = −Fe (u).
Update u ← u + ∆u.
Che k for Newton onvergen e.

(35),(36)
(29b),(29d),(37)
(32),(31),(38)

end for

T u.
Cal ulate gb = ψe + a1 Cea
Solve Ka∗ ψ = gb.
Update u.
Che k for Ri hardson onvergen e.

end for

Update u̇, ü.

(4)
(29a),(29 )

end for

For system (38) we remark that most of the matri es only have to be assembled on e
in the very beginning, and only the relatively small tangential stiness matrix K t (u) has
to be al ulated in every Newton step. The only dieren e between the additive and
the multipli ative variant is the update of the displa ement degrees of freedom before the
solution for the new velo ity potential in the latter ase. Thus, as in the linear ase,
for single pro essor ar hite tures, the osts per iteration step are almost the same, and
the multipli ative variant is learly superior to the additive one. As is well-known, this
argument has to be re onsidered in the ase of parallel omputing ar hite tures.

4 Numeri al omputations
We provide several numeri al results illustrating the appli ability and e ien y of our
approa h. In parti ular, we validate our theoreti al results in Se tion 4.1, and dis uss
some further improvements in Se tions 4.2 and 4.3.
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Algorithm 2 Iterative solution by a nonlinearly pre onditioned Ri hardson s heme

Set up the matri es M , C , K , K ∗ .
for all time steps n = 1, . . . do
ḃ, u
b̈, u
Cal ulate f , u
e.
for all Ri hardson steps k = 1, . . . do
b =f +u
e − a1 Cea ψ .
Cal ulate f
∗
b.
Solve Ke u = f
for all Fixed point iteration steps q = 1, . . . do
Cal ulate N (ψ, ψ̇, ψ̈) = N1 (ψ̇)ψ̈ + N2 (ψ)ψ̇ .
T u − a2 Mae u.
Solve Ka∗ ψ = ψe + N (ψ, ψ̇, ψ̈) + a1 Cea
Update ψ, ψ̇, ψ̈ .
Che k for Fixed point onvergen e.
end for

Update u, u̇, ü.
Che k for Ri hardson onvergen e.

(35),(36)
(29b),(29d),(37)

(34)
(4),(29a),(29 )
(4),(29a),(29 )

end for
end for

4.1 Validation of the theoreti al results
In the following, we investigate Theorems 1.2 and 1.7 by means of a numeri al example
simulating the sound emission of a vibrating stru ture in water. The stru ture Ωe is of width
0.2 m and height 0.01 m and has the material parameters of sili on, ρe =2.3·103 kg m−3 ,
E=1.62·1011 N m−2 , ν=0.2. It is xed at its left and right boundary, and a surfa e tra tion
of 108 sin(2π1000t) N m−2 is a ting in verti al dire tion at its lower boundary. We assume
the stru ture to behave geometri ally nonlinear. The a ousti uid domain Ωa of width
1.4 m and height 0.7 m is entered above the stru ture. The mean density is ρa =103 kg m−3 ,
the speed of sound is c=1.5·103 m s−1 . The orresponding parameters for the nonlinear wave
equation in water are B/A=5 and b=1.83·10−10 m2 s−1 . Due to symmetry reasons, we an
set the omputational domain to one half of the original one, see Figure 2. As des ribed
in [10℄, we are able to use nonmat hing grids in the dierent subdomains. This allows us
to be as exible as possible in the hoi e of the grids.
A test series with varying damping parameter ω is performed. In ea h test, 20 time
steps of size 2.5·10−5 s are arried out. Figures 3(a),(b) show the averaged onvergen e rate
versus the value of ω for the nonlinear s heme (4) and for its linearized variant. We observe
that even the averaged onvergen e rate of the nonlinear iteration, whi h is dire tly related
to the number of iterations ne essary to a hieve a desired redu tion of the error, is in good
agreement with the one of the linear iteration. This ni ely onrms and even strengthens
the statement of Theorem 1.2. Moreover, for this parti ular example, a damping parameter
ω=0.7 seems to be optimal. However, the minimum a hievable onvergen e rate of around
0.55 or 0.5 is far too high for a blo k 2×2-s heme to be e ient. In the following se tion,
we therefore will gradually improve our iteration s heme.
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(a)

(b)

Figure 2: (a) Computational grid: lower small part = stru ture, upper part = a ousti ,
(b) use of nonmat hing grids.
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Figure 3: Test of Ri hardson s heme (4): average onvergen e rate versus damping parameter (a) for system (38) and (b) for system (39).

We perform the same test series for the multipli ative variant (8) as des ribed above.
In Figure 4, the resulting averaged onvergen e rates are plotted against the damping
parameter as before. Additionally, the result for the additive variant from before is given
for omparison.
We observe that the nonlinear and the linearized multipli ative variant are in reasonable
agreement. However, for the system (38), while the dieren e to the right of the optimum
value is almost not visible, the one to the left be omes quite remarkable. More important,
the onvergen e rates are in general mu h better than for the Ja obi s heme. It is possible
to rea h a minimum value of roughly 0.2. Yet, this is still quite high for a blo k 2×2-system.
We will dis uss a further improvement in the next se tion.

23

1
0.9

average convergence rate

(b)

additive nonlinear
multiplicative nonlinear
multiplicative linearized

1

additive nonlinear
multiplicative nonlinear
multiplicative linearized

0.9
average convergence rate

(a)

0.8
0.7
0.6
0.5
0.4
0.3
0.2

0.8
0.7
0.6
0.5
0.4
0.3
0.2

0.1

0.1
0

0.2

0.4

0.6

0.8

1

1.2

0

0.2

0.4

omega

0.6
omega

0.8

1

1.2

Figure 4: Test of multipli ative variant (8): onvergen e rate versus damping parameter
(a) for system (38) and (b) for system (39).

4.2 Overlapping subdomains
In order to improve the onvergen e behavior of the Ri hardson s heme, we further de ompose ψ into (ψ1 , ψ2 , λ), where u ouples with ψ1 via Cea , and ψ1 with ψ2 via the Lagrange
multiplier λ in the manner of mortar nite element methods, [3, 4℄. We note that this
pro edure admits to use non onforming grids in the a ousti subdomains asso iated with
ψ1 and ψ2 . However, we will not exploit this fa t in our presentation.

ψ2

u

ψ1

Figure 5: Computational domain with 4 layers overlap.
In Figure 5, the omputational grid is plotted, visualizing the stru ture in the lower left
part. The thi ker horizontal line inside the a ousti domain indi ates the upper boundary
of the overlapping region. We rst on entrate on system (38). For the ee tive stiness
matrix asso iated with Ωa and arranged with respe t to the de omposition into (ψ1 , ψ2 , λ),
we have






M1 0 0
C1 0 0
K11 0 K1λ
Ka∗ =  0 K22 K2λ  + a1  0 C2 0 + a2  0 M2 0 ,
0
0 0
0 0 0
Kλ1 Kλ2 0
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with the obvious meanings for the submatri es. We now hoose a de omposition of
(1, . . . , m) into Ieo and Ia with Ia as before in luding the indi es asso iated with the Lagrange multiplier λ, but with Ieo being Ie enhan ed by the indi es asso iated with ψ1 . Now,
this de omposition is overlapping, i.e., |Ie | + |Ia | > m. The resulting subspa e fun tion Feo
asso iated with Ieo is given by


Fe (u)
o
o
Fe (u) = Pe F (u) =
(42)
T u + K1λ λ − ψe1 .
∗
K11
ψ1 − Cea
We now apply the Ri hardson iteration (4) to the pre onditioned system

o (u∗ ) = T o (u∗ ) + T (u∗ − T o (u∗ )).
0 = Fm
a
e
e

(43)

For the resulting algorithm, only the Newton iteration has to be hanged, i.e. the shaded
region in Algorithm 1. The modied Newton s heme is given in Algorithm 3.
Algorithm 3 Newton iteration for overlapping s heme
for all Newton steps q = 1, . . . do

o
∗
Cal ulate K t (u)
e (u).
 , ∗Ke (u), ∗F
Ke (u) Kea
.
Set up Ko∗ =
∗
K1∗
 Kae
u
Solve Ko∗ ∆
= −Feo (u).
ψ
1
 
 
 
u
u
u
+∆
←
.
Update
ψ1
ψ1
ψ1
Che k for Newton onvergen e.

(32),(31),(42)

end for

The goal of this overlapping s heme is to in lude in Ieo only omparatively few degrees
of freedom from the a ousti part, su h that the omputational osts for one iteration
step are not mu h higher than for the non-overlapping variant, but to overlap enough to
substantially improve the onvergen e rate.
In the ase of the linear elasti /nonlinear a ousti system (39), we also introdu e the
overlap in the a ousti region. In ontrast to Algorithm 3 we solve the linearized a ousti
equation, i.e. we only make one xed point iteration step, on the overlapping region. With
the same notations as above we only have to hange the equation outside the xed point
iteration in Algorithm 2 as is written in Algorithm 4.
We use the same example as above to investigate the behaviour of the overlapping
method. In parti ular, we vary the thi kness of the overlap. In Figures 6(a),(b), the
iteration ounts for dierent numbers of overlapping layers are visualized against the time
steps. Convergen e for the Ri hardson iteration was de lared, when the relative dieren e
of two su essive iterates went below 10−10 . Already a very small number of layers results
in a strong improvement. With four or eight layers, the ount is around 5 or 4, whi h is
quite reasonable.
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Algorithm 4 Linearized adaption for overlapping s heme
for all Ri hardson steps k = 1, . . . do

Cal ulate N (ψ1 , ψ̇1 , ψ̈1 ).
Performone xed point
step 
for solving

 
 
 
∗
∗
e
u
0
f
u
Ke Kea
−
= e +
.
∗
(K1λ + a1 C1λ )λ
N (ψ1 )
ψ1
Kae
K1∗
ψ1
(4),(29a),(29 )
Update ψ1 , ψ̇1 , ψ̈1 .
for all Fixed point iteration steps q = 1, . . . do
...
end for

Update u, u̇, ü.
Che k for Ri hardson onvergen e.

(4),(29a),(29 )

end for
(a)

(b)
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Figure 6: Test of overlapping s heme: iteration ount versus time step, varying the overlap
(a) for system (38) and (b) for system (39).

4.3 An inexa t strategy
For the system (26), so far, in ea h Ri hardson step, there have been made so many Newton
steps as ne essary to meet the stopping riteria of the relative dieren e of two iterates
to be below 10−10 . In Figure 7, the number of Newton iterations is plotted versus the
time step for the multipli ative s heme using four layers of overlap. In parti ular, the total
number of Newton iterations per time step determines the height of the olumns, whereas
ea h olumn is subdivided to display the number of Newton iterations per Ri hardson step
within ea h time step. The rst observation to be made is that the total number of Newton
iterations per time step is almost onstant, as already suggested by the stable behaviour of
the multipli ative s heme. Moreover, the number of Newton iterations in ea h Ri hardson
step is very low. Starting from the solution of the previous time step, it only takes four

26

Figure 7: Overlapping multipli ative s heme, four layers of overlap: Newton iterations versus time step.
Newton iterations in the rst Ri hardson step, three in the se ond, and between one and
two in the subsequent steps. Nevertheless, the e ien y of the s heme an further be
improved by employing an inexa t strategy.
To this end, only one single Newton step is performed in ea h Ri hardson step. Figure
8 shows the resulting iteration ount for the multipli ative s heme versus the time steps
for dierent numbers of overlapping layers.
Up to eight layers, almost no dieren e between the exa t and the inexa t method an be
observed. This means that the number of Newton steps per time step redu es signi antly
to the number of Ri hardson steps per time step. We remark that the resulting number of
Newton steps per time step for the inexa t strategy seems to be bounded from below by
the number of Newton steps for the rst Ri hardson step of the exa t strategy. Thus, if the
size of the overlap further in reases, the iteration ount for the inexa t method be omes
worse than the one for the exa t method. However, in the reasonable range between four
and eight layers of overlap, the inexa t strategy is learly superior.
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2007/013 Sändig, A.-M.:

A posteriori error estimator and error control for contact problems

Vorlesung Mathematik für Informatiker und Softwaretechniker II, SS 2007

2007/014 Surulescu, C., Surulescu, N.:
2007/015 Braun, S., Sändig, A.-M.:
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