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Introduction

In this work, the results of the research activities within the subproject “Entwicklung effizienter
numerischer Simulationsalgorithmen für CNC-gesteuerte inkrementelle Umformverfahren” of the
DFG priority program SPP 1146 “Modellierung inkrementeller Umformverfahren” are presented.
The main purpose of the research is the construction of efficient numerical algorithms for the
incremental metal forming process. The presented results as well as some generalizations have
been published in [12, 25, 8, 10, 11, 9, 24, 13] and the thesis [7]. We refer the reader to these
papers for more detailed considerations.
Metal forming application To motivate the research work on the subject and present the main
challenges of the implicit FE simulation and solution methods we briefly describe two examples for
incremental forming processes, namely, the deep-rolling process and the incremental sheet metal
forming process.
For a more detailed description of the deep-rolling process and its technical applications, we
refer to [30] and the references cited therein. An example of an engineering problem where the
application of the deep-rolling process can be efficient is given by the weakening of a turbine
blade (see Fig. 1, left). The design of such deep-rolling processes is associated with time- and
cost-intensive experiments. Thus, a finite element analysis is very helpful for understanding the
complex deformation mechanisms occurring during the rolling contact.
Another important application is incremental sheet metal forming (ISF) which is a recently
introduced forming technique [15, 35, 27] (Fig. 1, right). The ISF process is very difficult to
control, since wrinkles or even cracks can occur if the computer numerical controlled (CNC) path
is not appropriate, and numerical simulation is very useful for the development of optimal forming
strategies.

Figure 1: Deep-rolling process ( c WZL, Aachen) and incremetal sheet forming ( c IBF, Aachen).

Overview of numerical approaches Both applications described above share similar difficulties with respect to their numerical simulation. The most important among them are: (i) The
forming zone is small but very mobile, leading to very fine computational meshes and extensive
adaptive re-meshing. (ii) Both physical and contact nonlinearities have to be modeled. These
features lead to a lack of efficiency when standard algorithms are applied, and, therefore, new
solution techniques have been developed to overcome these difficulties efficiently.
These proposed algorithms are based on the efficient combination of several numerical approaches. Among them, the most important are mortar coupling based on dual Lagrange multipliers and semi-smooth inexact Newton methods. These techniques are well established and have
proven their efficiency and robustness in a number of different applications. In this work, we
demonstrate how they can be combined in order to provide practical solution techniques fitted for
the above mentioned applications.
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To handle the nonlinearity of the contact conditions, several methods can be found in the
literature. Among them there are penalty formulations as well as standard or augmented Lagrange
multipliers approaches.
A great number of contact algorithms developed in the past enforce the contact constraints
at specific collocation points. Using a node-to-segment approach, the main idea is that a specific
node on the slave side must not penetrate the opposing segment on the master side. Although this
approach is quite popular and used in numerous commercial finite element codes, the robustness
of these methods is still a limitation in certain applications. Simle forms of these algorithms
do not satisfy the contact patch test [37]. Their more coplex versions [38, 36, 44], generally,
pass the contact patch test but suffer from locking. Due to these drawbacks, the research on
segment-to-segment coupling strategies has become quite active in recent years. Most of these
new approaches use the so-called mortar method, initially introduced as a domain decomposition
method by Bernardi and co-workers [6]. The reader is referred to [4, 2, 5, 48, 39, 40, 34, 19] and
the references therein for an overview of the mortar method in the context of contact problems.
Other approaches like penalty methods, are not variationally consistent. Furthermore, large values
of the penalty parameter can spoil condition number of the linear sytem to be solved. We refer
to [7] for a short overview of the mentioned approaches.
In this work, we use Lagrange multipliers to handle the contact constraints. This approach
is variationally consistent, provides exact fulfillment of the discrete contact conditions and does
not deteriorate the condition number of the problem. However, one has to take care about the
follwoing two important points. First, the finite dimensional space for the dual variables has to
be chosen with care in order to satisfy the so-called inf-sup condition. Second, the system of the
finite-dimensional equations can have different size during the iterations. The last point can be
avoided by using the so-called dual Lagrange multipliers, chosen to be biorthogonal relatively to
the standard basis functions. This choice not only provides an inf-sup stable pair of spaces but also
lead to diagonal coupling matrices, such that the additional unknowns cab easily be eliminated.
The dual Lagrange multipliers have originally been introduced in [45] and have already been
applied to problems involving frictional or thermo-mechanical contact [46, 29].
To incorporate the contact conditions, we use nonlinear complementarity functions to rewrite
the contact inequality constraints as equalities. This allows to consider both contact and plasticity
nonlinearities in a unified way by applying the semi-smooth Newton method to the derived system
of nonlinear equations. The result can be interpreted as the primal-dual active set strategy for
contact and the radial return method for the plasticity flow rule. This not only leads to an
efficient iterative scheme but also allows to consider different regularization techniques to improve
the robustness and convergence properties of the Newton method as well as to avoid oversolving
effects [22].
Overlapping domain decomposition Due to the local character of the metal forming process,
a suitable numerical scheme has to provide a good resolution of the behavior of the forming process
in the neighborhood of the working tool. Using classical adaptive approaches, frequent re-meshing
is needed, which is a very time-consuming procedure. To avoid this difficulty, we employ a dynamic
overlapping domain decomposition method (ODDM) which naturally accounts for the local nature
of the contact and plasticity effects.
The complete domain is approximated using a relatively coarse global mesh, whereas a moving
local fine mesh is used to resolve the plastification and the contact interaction in the neighborhood
of the working tool, providing a suitable correction to the global coarse solution, see Fig. 2 (right).
Of course, the two FE domains have to interchange certain information, mainly the plastic
history data and the contact traction. To deal with the former, we split the strain tensor into its
elastic and its plastic part and perform the plastic computation only on the fine grid. Similarly,
the contact computations are restricted to the fine grid, and the contact stresses are transferred
to the coarse grid using appropriate mortar operator.
The above sketched strategy has several advantages. First, all nonlinearities of the problem
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Figure 2: Left: c IBF, Aachen, Abaqus simulation with adaptive mesh refinement, right: ODDM.

can be separated from the coarse grid. As a result, the stiffness matrix of the linear coarse problem
has to be assembled only once which saves a lot of computational time. Second, the fine patch, the
plastic zone and the contact interface can be resolved in detail without discretizing the workpiece
with a global fine grid, which would lead to high computational cost and complex data transfer
caused by remeshing.
The current formulation of the method is limited to small deformations. Such assumption is
reasonable since, for example, the deep rolling process can be modelled at a first approximation
in the regime of small deformations. Nevertheless, other problems like geometrically nonlinear
contact problems for thin structures and velocity-based contact formulations can be considered as
well using the developed framework.
The first generalization is related to the dynamic contact of thin-walled 3D bodies including
large deformations. For this problem, the contact formulation is presented in the context of implicit
structural dynamics. Two different time discretization schemes, the Generalized-α Method [16]
and the Generalized Energy-Momentum Method [32], are considered. To end up with an energy
conserving framework, an idea by Laursen and Love [33] is picked up who introduce a discrete
contact velocity to update the velocity field in a post-processing step. The generalization of this
approach to the utilized time integration schemes as well as the incorporation into the primal-dual
active set strategy is presented. Finally, an algorithm for a surface oriented shell element based
on a 3D formulation with seven parameters, including the thickness stretch of the shell [14], has
been suggested. See [25, 24] for further details.
A different type of application for the developed algorithms is velocity-driven problems, i.e., the
existing displacement-based contact formulation has been adapted to a velocity-based one [10, 11].
The method has been applied to the ring rolling of external spur gears, which is a rigid-plastic metal
forming simulation. The difficulty of the large deformations is tackled in an updated Lagrangian
manner.
We now turn to a more detailed presentation of the developed approaches. Our main focus is
on the description of the general framework for contact and plasticity as well as on the overlapping
domain decomposition approach.

2

Model and problem setting

We assume a relatively simple elasto-plastic behavior of the working piece Ω ⊂ R3 with sufficiently
smooth boundary ∂Ω. The chosen flow model is J2 -plasticity with small deformations and isotropic
hardening, see, e.g., [42, 3, 23, 47]. This assumption is mainly for ease of presentation, and the
method can be extended to more comprehensive models.
The assumption of small deformations allows for an additive decomposition of the symmetric
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linear strain tensor ε ∈ R3×3 , into an elastic part εe and a plastic part εp , εe = ε − εp . The
governing equations for the constitutive law are
σ = Cel εe ,

ε̇p = λ∂σ Φ(σ, α)

α̇ = λ;

λ > 0,

Φ(σ, α) 6 0,

λΦ(σ, α) = 0

with σ ∈ R3×3 denoting the actual Cauchy stress tensor and λ ∈ R the plastic consistency
parameter. Further, Cel is the fourth order Hook tensor for the linear elastic material, and
Φ : R3×3 × R → R stands for the yield function defined by Φ(σ, α) = σ̄ − Y (α), where Y : R → R
denotes the function of isotropic hardening with the hardening parameter α ∈ R, and σ̄ is the
equivalent stress. In the simplest case of von Mises stress and linear isotropic hardening, they are
given by
p
σ̄ = 3/2 dev σ : dev σ, Y (α) = Y (0) + Kα,
with a constant K ≥ 0.
Before the spatial discretization, a time discretization into time intervals [tn , tn+1 ], n = 0, 1, . . .
is performed using the implicit Euler scheme. The global equilibrium at the current time step tn+1
with the external forces f ext
n+1 acting on the body then reads
Z
Z
ext
int
v ∈ [H01 (Ω)]3
(1)
f ext
σ n+1 (un+1 ) : ε(v) =
f (un+1 , v) =
n+1 v = ln+1 (v),
Ω

Ω

The relation σ n+1 (un+1 ) is nonlinear, since σ n+1 is the stress which is projected onto the yield
surface. By H01 (Ω), the space of test functions with homogeneous Dirichlet boundary conditions
on ∂Ω is denoted.
The interaction between the tool and the workpiece Ω is modeled as a one-body contact problem
with a rigid obstacle. For simplicity, friction is neglected throughout this work, but Tresca as well
as Coulomb friction can be incorporated in the algorithms presented here [28]. The part of ∂Ω
which comes potentially into contact with Γtool is called Γcon .
The contact conditions can be written as (the time index n is omitted):
u · ν − g ≤ 0,

σν (u) ≤ 0;

σν (u) (u · ν − g) = 0,

σ τ (u) = 0,

(2)

where g is the gap function, ν is outward unit normal and σν and σ τ are the normal and the
tangential parts of the boundary stresses, respectively [7]. The first condition means that no
penetration is allowed, and the second allows only compression but no tension, since we assume
that there are no adhesion effects. The third equation is the complementarity condition that
means that non-zero contact stresses can only occur if the gap is zero. The last equation means
that the stress in tangential direction vanishing since there is no friction.
For simplicity volume forces and other external forces are assumed to be zero except for the
contact forces from now on. Then, the equilibrium is given by: Find u ∈ [H01 (Ω)]3 such that
Z
f int (u, v) +
λ · v = 0,
(3)
Γcon

for arbitrary test functions v ∈ [H01 (Ω)]3 and with the internal forces f int depending nonlinearly
on u. The Lagrange multiplier λ = −σ(u)ν can be interpreted as the negative contact stress, but
is introduced as an additional unknown to enforce the contact conditions.

3

Unified framework for plasticity and contact

In this section we introduce a single mesh finite element method for the solution of (3) and outline
the important features of the constructed approximations. Later on, the presented algorithms will
be used for the construction of the solver for the fine subdomain.
As mentioned before, the problem incorporates two nonlinearities, namely the elasto-plastic
material behavior and the contact interaction. The presented approach allows to consider both
8

4
1

@
@

2

0.5

0

0

1 −2

−1

−4
−1

c

1

−2
4

0
0
ξ

1 −1

0
0

η

a

1

−2

ξ

1 −1

η

Figure 3: Standard bilinear basis function ϕq (left) and corresponding dual LM ψp (right).
of them in a unified way, based on the idea that the primal-dual active set strategy for contact
can be interpreted as a semismooth Newton method [1, 26] and can be adapted to nonlinear
material behavior, as demonstrated in [10, 11]. This means that both physical and geometrical
nonlinearities are handled in the same semi-smooth Newton loop. This is in contrast to standard
approaches, where nested iteration cycles are used to deal with contact conditions and nonlinear
material behavior.
Let us assume for a moment that no contact interaction is accounted for and, therefore, the
problem is just an elasto-plastic problem. We discretize the domain Ω in space using lowest order
conforming hexahedral finite elements, leading to the finite-dimensional approximation uh,n+1
of the solution un+1 . Further, we define the vectors F int (U n+1 ) and F ext as the standard FE
assemblies of f int and lext , where U n+1 stands for the vector of nodal values of uh . With this,
we can formulate the finite-dimensional version of the equilibrium equation (1):
F int (U n+1 ) − F ext = 0.
After consistent linearization [43, 42] one gets a global system of linear equations with the tan(j)
gential stiffness Kn+1 in the j-th Newton step.
To handle the nonlinearity of the contact conditions, we use the primal-dual active set strategy
combined with dual Lagrange multipliers [46, 29]. The Lagrange multiplier λ, which is introduced
as an additional unknown for the contact stress (see eqrefeq:root), is approximated by
X
Λp ψp ∈ R3
λh =
p∈S

with the dual Lagrange multipliers basis functions ψp and S denoting the set of all potential
contact nodes on the contact zone Γcon .
We briefly outline the main properties of dual Lagrange multipliers. They are constructed to
be biorthogonal with respect to to the standard basis functions ϕi , i.e.:
Z
Z
Bpq = ψp ϕq dΓ = δpq ϕq dΓ, p, q ∈ S.
(4)
The sketch of a dual basis function ψi is presented on Fig. 3 (right), while the corresponding
standard bilinear basis function ϕq is shown on Fig. 3 (left). For literature about dual Lagrange
multipliers, we refer the reader to [20, 46], and to [4, 2, 5] and the references therein for an overview
of the mortar method. See especially [25] and the references therein for the situation when Γcon
is two-dimensional and meshed with quadrilaterals.
Using these dual Lagrange multipliers, the algebraic representation of the equilibrium has the
form
F int (U ) + BΛ = 0
(5)
where the entries of the coupling matrix are defined in (4), and Λ contains the nodal values of
the Lagrange multipliers. Using an appropriate node numbering and due to the biorthogonality
relation (4), B has the form B = (0 D)⊤ with a diagonal matrix D [11].
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Next, the contact conditions (2) have to be discretized. The strong pointwise non-penetration
condition is replaced by a weaker integral condition which, due to (4), can be written pointwise
in an algebraic representation as
Uν,p = N ⊤
p Dpp U p 6 Gp ,

p∈S

(6)

where U p ∈ R3 stands for the coefficient vector of U h associated with the vertex p, and Gp is the
approximation of the gap function at node p. The normal vector at the vertex p is denoted by
N p . The condition that no tension stresses can occur is discretized by Λν,p > 0 at each vertex
3
p ∈ S, where Λν,p is defined according to (6) by Λν,p = N ⊤
p Dpp Λp , Λp ∈ R . Introducing the
tangential part of the Lagrange multiplier λ at the vertex p ∈ S by Λτ,p = Λp − (Λp · N p ) N p ,
we can write the continuous contact complimentarity conditions (see (2)) in its discrete algebraic
form as
Uν,p 6 Gp , Λν,p > 0, Λν,p (Uν,p − Gp ) = 0, Λτ,p = 0, p ∈ S.
(7)
In the next paragraph, we present the algorithm for the complete elasto-plastic contact problem
on a single mesh.
(η)
The unit tangential vectors to Γcon are given by T (ξ)
= T (ξ)
p ⊥N p and T p
p × N p , and we
iT
h
(ξ)
(η)
. It can easily be shown that the system (7) is equivalent to the following
set TS = TS TS
nonlinear problem:


F con
ν
F con =
=0
TS ΛS
with
F con
ν (Uν,p , Λν,p )[p] = Λν,p − max{Λν,p + c(Uν,p − Gp ), 0},

p ∈ S.

(8)

The constant c > 0 is a scaling factor between the non-penetration condition and the contact
stress condition which is necessary since λ and u are of different magnitude.
is called a nonlinear complimentarity function (NCP). Formally, it just
The function F con
ν
provides a way to rewrite the contact inequality constraints (7) as a system of nonsmooth equalities (8). Nevertheless, such formalization is rather useful since, first, it allows to consider both
nonlinear material behavior and contact using one nonlinear system of equations, such that a semismooth Newton method can directly be applied. Second, some freedom exists in the definition of
an appropriate NCP function which can be used to construct regularized Newton iterations with
improved convergence properties [22].
Using (8), the nonlinear equation system (5) is expanded to:
F int (U )
+ BΛ = 0,
F con (U , Λ)
= 0.

(9)

The next task is to linearize (9) in a consistent way. Applying the semi-smooth Newton
method with iteration index j to (9), the derivatives depend on the value of max-function at the
last iteration. For this, we define the set A = A(j) of active and the set I = I(j) of inactive nodes
at the j-th iteration as
(j)
I(j) = {p ∈ S : Λ(j)
ν,p + c(Uν,p − Gp ) 6 0},

(j)
A(j) = {p ∈ S : Λ(j)
ν,p + c(Uν,p − Gp ) > 0}.

(10)

From (8), we can see that
F con
ν [I] = ΛI ,

F con
ν [A] = −c(NA U A − GA ).

Further, we decompose the diagonal matrix D into D = diag (DI , DA ) according to (10) and
introduce the matrix NA ∈ R|A|×3|A| , containing the normals N p and the weighting factors in Dpp
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associated with the vertices in A. Then, the linearized system at the j-th iteration reads:









KNN
KIN
KAN
0
0
0

KNI
KII
KAI
0
0
0

KNA
KIA
KAA
0
−NA
0

0
DI
0
II
0
0

0
0
DA
0
0
TA

(j−1) 
















(j)

∆U N
(j)
∆U I(j−1)
(j)
∆U A(j−1)
(j)
∆ΛI(j−1)
(j)
∆ΛA(j−1)











 = −







F int
N (U )
F int
I (U ) + DI ΛI
F int
A (U ) + DA ΛA
ΛI
−(NA U A − GA )
TA ΛA

(j−1)








(11)

with ∆U (j) = U (j) − U (j−1) and N denoting the set of all inner nodes. Here, GA denotes the
vector containing the entries Gp associated with the active vertices p ∈ A.
It is easy to see that equations (11)4 and (11)5 correspond to the linearization of (8) at the
inactive and active nodes, respectively. The contact stresses in Λ can easily be computed in a
post-process due to the diagonal structure of D:


(j−1)
Λ(j) = D−1 [−[K∆U (j) ]S − F int
).
(12)
S (U
With this, a local static condensation of the Lagrange multipliers can be performed to get a
reduced system for the incremental displacements ∆U . The resulting system is then:


KNN
 KIN


0
TA KAN

KNI
KII
0
TA KAI


(j−1) 

(j)
F int
KNA
N (U )
∆U
N
int


KIA 
F


(j)
I (U )
 ∆U I(j−1)  = − 
 GA − NA U A
−NA 
(j)
∆U A(j−1)
TA KAA
TA F int
A (U )

(j−1)




.

(13)

Due to the consistent linearization, superlinear convergence can be expected. Moreover, after
elimination of the Lagrange multiplier unknowns, the size of the system remains unchanged during
the Newton iterations which makes the implementation of the algorithm more efficient.

4

Dynamic overlapping domain decomposition method

In the previous section, an efficient algorithm for the solution of the nonlinear elasto-plastic contact
problem has been described. In order to gain more efficiency, we now combine this method
with overlapping domain decomposition technique, which is the topic of this section. For this,
we discretize the workpiece Ω with a global coarse mesh of mesh size H and introduce a small
overlapping patch near the contact zone with mesh step size h < H. Let TH and Th,n be the sets
of coarse and fine grid points, respectively. Further, let Tĥ be the set of storage grid points. The
latter is not actually involved in the computations but is used to store the plastic history data.
Further, let
We denote by Γh,n and Γdh,n the potential contact zone and the Dirichlet boundary of the fine
grid, both depending on time since the fine grid is moving with the tool. By ΓH , the potential
contact zone of the coarse grid is indicated, see Fig. 4.
For convenience, we derive the system of equation for the coupled problem step by step, starting
form the simpler case of a linear elastic problem. The following discrete FE spaces are introduced:
Vh ⊂ [H 1 (Ωh,n )]3 , VH ⊂ [H 1 (ΩH )]3 , V0h ⊂ [H01 (Ωh,n )]3 , V0H ⊂ [H01 (ΩH )]3
Here, Vh can be used as a local enrichment of the coarse space VH , leading to the following
two-scale elliptic problem (as considered in [21]): Given an external load density f ext , and the
symmetric elasticity bilinear form a(·, ·), find u ∈ V0h ⊕ V0H such that
Z
a(u, v) =
f ext · v, v ∈ V0h ⊕ V0H .
Ω
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Figure 4: Dynamic ODDM.
After discretization, one arrives at the system


  ext 
Ah AhH
Uh
Fh
,
=
AHh AH
UH
F ext
H

(14)

where the Dirichlet boundary conditions on ∂ΩH and ∂Ωh,n are not written explicitly for convenience. The matrices Ah and AH denote the fine and the coarse stiffness matrix, respectively,
AhH is the FE assembly of a(u, v) in V0H ×V0h and AHh the FE assembly of a(u, v) in V0h ×V0H .
In [21], the mixed matrices AhH and AHh are set up computing the intersection of elements of
the discretization of Vh and VH . After this, the resulting block system is solved using iterative
technique which relies on the decomposition of the global space into a the direct sum ∈ V0h ⊕ V0H .
In this work, we proceed differently.
First of all, the coupling term AHh is neglected completely, since it is assumed that the fine grid
correction does not substantially influence the coarse grid solution apart from the contact stresses
and the plastic deformation history. Another reason for this simplification is that it guarantees
that the matrix in (15) is invertible. As a result, the additive decomposition U = U h + U H is
unique and the sum V0h + V0H does not have to be direct.
Second, the coupling term AhH is approximated by Ah Pvol
with the prolongation operator
h
vol
Ph mapping the coarse solution onto the fine mesh in a consistent way. Thus, the computation of
element intersections is not necessary any more, which is especially advantageous for 3D computations with general hexahedral elements. The operator Pvol
h is constructed locally in a stable and
robust way by using the same techniques as for the contact coupling operator Pcon
h . Incorporating
these simplifications in (14), one ends up with the block system


  ext 
Uh
Fh
Ah Ah Pvol
h
.
(15)
=
UH
0
AH
F ext
H
The focus of this approach is not the accurate resolution of the underlying elliptic problem, but an
efficient numerical scheme which avoids the nonlinearities of contact and plasticity on the global
domain. This will be explained in more detail in the next sections, where System (15) is extended
by two block rows and columns to account for the contact and plastic effects.
Fine domain subproblem On the fine domain Ωh,n , the full nonlinear elasto-plastic contact
problem like in (9) is to be solved, with the only difference that the fine solution U h is a relative
displacement with respect to U H which is brought up onto Th,n by means of Pvol
h . We assume
12
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πĥ→h
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Th,n+1
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πĥ→H
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Figure 5: Transfer operators for the plastic data.
that the zone Ωp,n ⊆ ΩH where new plastic deformation takes place is overlapped by the fine
computational domain at any time: Ωp,n ⊆ Ωh,n .
Problem (9) is now reformulated to: Find U h , Λh such that U h |Γdh,n = 0 and
vol
F int
h (Ph U H + U h ) + BΛh
vol
F con
h (Ph U H + U h , Λh )

= 0
= 0

(16)
(17)

The homogeneous Dirichlet conditions on Γdh,n guarantee the continuity of the composite solution
U H + U h , which is of course a desired feature of this method. Next, we introduce the transfer
n
operators from the coarse to the fine grid and vice versa, see Fig. 5. We denote by πh→
the
ĥ
p
transfer operator which maps after each load step tn the plastic data (εh,n , αh,n ) of the fine patch
n+1
Ωh,n onto the storage grid Tĥ and updates the data (εpĥ,n , αĥ,n ). Conversely, the operator πĥ→h
loads the plastic data from the storage grid onto the fine grid in its new position at time tn+1 .
Finally, the operator πĥ→H loads the plastic data onto the coarse grid ΩH .
In order to separate the plastic problem from the coarse grid, an auxiliary unknown U ph ∈ V0h
is introduced as the Galerkin projection of the plastic strain increment ∆εph,n+1 = εph,n+1 −
n+1
(εpĥ,n ) with respect to the bilinear form a(·, ·):
πĥ→h
Z

Ωh,n+1

ε(U ph ) : Cel : ε(v) =

Z

Ωh,n+1

∆εph,n+1 : Cel : ε(v),

v ∈ V0h .

Note that the plastic dislocations [31] which are captured by the incompatible strain field εph are
now smoothed out by this projection. In particular, also the residual strains are contained in U ph .
This is the reason why the plastic strain εph is stored on the storage mesh Tĥ instead of U ph . The
discrete nonlinear problem (16), (17) is thus supplemented by one additional block row:
p
Ah (U h − U ph ) + Ah Pvol
h U H + BΛh + F h,n = 0

F int
h (U h

+

Pvol
h UH)

− Ah (U h −

vol
F con
h (U h + Ph U H , Λh )
p
U ph ) − Ah Pvol
h U H − F h,n

(18)

=0
=0

where F ph,n denotes the FE assembly of the fine load correction term
p
lh,n
(v)

=−

Z

Ωh

πĥ→h (εpĥ,n ) : Cel : ε(v).

(19)

On the coarse domain ΩH , only a linear elastic problem is solved. The discretized contact stresses
in Λh are coupled to the right hand side by means of the mortar operator Pcon
H whose construction
is explained in the following.
In the discretization of two-body contact problems, mortar methods have frequently been used,
see, e.g., [34, 39, 19, 29]. Like sketched in Fig. 6, two domains, denoted by Ωs (slave) and Ωm
13

Slave, Ωs

Γ
11
00
11
00

11
00
11
00

1
0
1
0

0
1
1
0
0
1

1
0
1
0

0
1
1
0
0
1

Master, Ωm

0
1
1
0
0
1

0
1
1
0
0
1

Ωh,n
ΩH

Figure 6: Non-matching meshes: Two-body contact problem (left) and ODDM (right).
(master), come into contact at the interface Γ, where the meshes are in general nonconforming.
For our application, we let Ωh,n play the role of Ωs , and ΩH corresponds to the domain Ωm .
h
The mortar operator Pcon
H couples between the dual Lagrange multipliers ψp of the fine potential
contact zone and the coarse standard shape functions on the potential contact zone ΓH .
Assuming that the contact stress λ as well as the plastic strain εp are known from the fine
p
grid computation and stored on the storage grid, we define the load correction term lH,n
and its
p
standard finite element assembly F H,n similarly to (19). With this, we obtain the coarse grid
problem, corresponding to the second block row of (15): Find U H s.t. uH |ΓdH = 0 and
p
p
con
AH U H − Pvol
H Ah U h + PH Λh + F H,n = 0

where Pcon
H Λh is the discretization of the contact forces transfered to the coarse mesh. The
vol
operator Pvol
H is a suitable restriction operator constructed similar to Ph .
Putting the fine and the coarse sub-systems together, we obtain the coupled nonlinear problem:


p
Ah (U h − U ph ) + Ah Pvol
h U H + BΛh + F h,n
vol


F con
h (U h + Ph U H , Λh )

(20)
F (X h , X H ) = 
p  = 0.
p
vol
vol
F int
h (U h + Ph U H ) − Ah (U h − U h ) − Ah Ph U H − F h,n
p
p
con
AH U H − Pvol
H Ah U h + PH Λh + F H,n

The Jacobi matrix of (20) reads:

K=

dF
=
dX



Khh
KHh

KhH
KHH



where



Ah
 Nh
=
 Kph
0

B
Th
0
Pcon
H

−Ah
0
Ah
−Pvol
H Ah


Ah Pvol
h

Nh Pvol
h
,
p vol 
Kh Ph 
AH

(21)

∂F con
∂F con
dF int
h (U , Λ)
h (U , Λ)
h (U )
, Th =
, Kph =
− Ah
∂U
∂Λ
dU
and which can be computed according to the Eq. (11). Skipping the block rows and columns 2
and 3 of (21), one would end up again at the matrix of Eq. (15). Finally, in each Newton step j,
a 2 × 2 system with the stiffness matrix (21) has to be solved. This can efficiently be done using
a block iterative scheme such as a block Gauss-Seidel method with iteration index k, see [41] and
the references therein: Fix j, for k = 1, . . . solve
Nh =

(j−1)

Khh

(j,k)

∆X h

(j−1)
(j,k)
KHH ∆X H

(j−1)

= −F h
=

(j−1)
−F H

(j−1)

(j,k−1)

− KhH ∆X H
−

(j−1)
(j,k)
KHh ∆X h

(22)
(23)

The fine system (22) can be solved in the condensed form, c.f. Eq. (13). The KHH block, which
correspond to the global linear problem, does not change during the iterations and time steps,
such that its LU decomposition can be pre-computed in advance. As a result, only the small Khh
block has to be inverted at each iteration.
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Algorithm 1 Inexact Newton Method.
1:
2:
3:
4:
5:
6:

input: [X (j−1) , F (X (j−1) ), K(X (j−1) ), ηj ]
for k = 1, . . . do
∆X (j,k) = ITERATIVE SOLVER(∆X (j,k−1) , K, F )
if ||F (X (j−1) ) + K(X (j−1) )∆X (j,k)) )|| 6 ηj ||F (X (j−1) )|| break
end for
output: X (j) = X (j−1) + ∆X (j,k)

Algorithm 2 Complete coupling algorithm.
1:
2:
3:
4:

input: [A(0) , TOLnewt , [εpĥ,n , αĥ,n ]]
Set j = 1
Assemble the stiffness matrix K(X (j−1) ) according to (21) and the right hand side F (X (j−1) )
according to (20)
Compute ηj according to (24) and use Algorithm 1 with the input
[X (j−1) , F (X (j−1) ), K(X (j−1) ), ηj ]

5:
6:
7:

to compute X (j)
Update I(j) and A(j) using (10)
if kF (X (j) )| < TOLnewt goto 7 else set j = j + 1 and goto 3
n+1
update εpĥ,n+1 = πh→
(εp
, αh,n+1 )
ĥ h,n+1

A very important issue in combining the Newton method for the nonlinear problem (20) with
an iterative linear solver as in (22),(23) is to avoid the so-called oversolving. As illustrated in [18],
oversolving means that too many inner iterations are performed during the early Newton steps
where the nonlinear function and its local linear model differ much. A possibility to avoid this
effect is to control the relative error tolerance of the linear solver by a so-called forcing term ηj
(c.f. Alg. 1). There are several possibilities to chose ηj [17, 18], one possibility is
)
(
kF (X (j−1) ) − F (X (j−2) ) − K(X (j−2) )∆X (j−1) k
,1 − ǫ
(24)
ηj = min
kF (X (j−2) )k
with a small number 0 < ǫ ≪ 1. This criterion reflects the agreement between F and its local
linear model at the previous Newton step.
Finally, the complete iterative solution procedure for the load step tn → tn+1 is summarized
in Algorithm 2.

5

Numerical results

In this section we present some numerical results using the presented approaches.
We start with a single domain problem. Fig. 7 shows the comparison of the results obtained
by the penalty method and the Lagrange multipliers approach combined with primal-dual active
set method. One can observe that quite large penalty parameter is needed in order to obtain
an accurate solution comparable with the one obtained using Lagrange multipliers. In Fig. 7
(right), the residual reduction during the iterative solution of the resulting system using a AMGpreconditioned BiCGStab method. The penalty version converges much slower and not as steady
as the primal-dual active set method. The reason for this is the deterioration of the condition
number of the system due to large values of the penalty parameter (ρ ∼ 109 ). This provides a
strong motivation to use variationally consistent approaches without any “artificial” regularization
parameters.
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Figure 7: Penalty vs primal-dual active set method
The next Fig. (5) illustrates the importance of consistent data transfer operators. For this,
we show the results of the contact patch test where a constant load can be reproduced by the
transfer operator. One can see that in the case of nested meshes on the contact interface, both the
simple interpolation approach and the mortar coupling provide the same results. Nevertheless,
the situation is rather different in the non-nested case. It is clearly visible that the interpolation
approach produces very large errors and does not give correct results even in the case when simple
piece-wise constant tractions are applied.
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Figure 8: Error of the standard interpolation coupling (Einterp ) and of the mortar coupling
(Emortar ) plotted on the coarse grid for h = 0.5, H = 1.0.
The next series of figures illustrates the applicability of the overlapping domain decomposition
method. Fig. 9 (left) shows the case of a single fine subdomain moving through the working
piece along the predefined path. Only the top surface of the working piece is shown, although
the complete problem is three-dimensional.
Fig. 9 (right) shows remaining displacements U ph

Figure 9: Displacements of fine and coarse grid (left) and remaining displacements on the storage
grid (right)
16

120

plotted on the storage mesh together with the deformed geometry.
Figure 10 shows examples for the case of 2 or 3 working tools (and 2 or 3 fine sub-domains,
respectively). Every working tool and corresponding fine patch may have different geometry,
indention depth, mesh parameters, etc. These examples correspond to the case of a deep rollinglike process. Again, the complete problem is three dimensional, and only upper surface is shown
on the plots.
Coarse and fine meshes, time step 14
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Figure 10: Two and three fine subdomains
Fig. 11 shows the effect of oversolving. The left plot correspond to the case that the linear
system at each Newton step is solved with a fixed accuracy of ǫ = 10−12 . It is easy to see that a
lot of computational time is just wasted since an accurate solution of the linear system does not
provide further reduction in the “nonlinear” residual of the Newton’s method. In contrast, the
modified stopping criterion (24) avoids this drawback, and nearly 50% of the computational time
is saved, Fig. 11 (right).
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Figure 11: Exact (left) vs inexact (right) block Newton strategy.
Finally, we present some results which illustrate the generalization of the developed algorithms
to other problems described. Figure 12 shows the deformed geometry and energy behavior for
a thin-walled ball thrown onto an inclined rigid obstacle. The results were obtained using the
Generalize Energy-Momentum method and the nonlinear shell formulation for the ball surface.
See [25, 24] for further details.
The final example is a velocity-based contact problem, precisely, the ring rolling of an external
spur gear. The gear is formed by an external rigid tool and moving internal rigid tool. The
material of the forming gear is model using rigid-plastic constitutive law.
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Figure 12: Ball motion and energy dynamics
Figure 13 (left) shows the set up of the simulation. The result after 6000 time steps is shown
on the right hand side. We refer to [10, 11] for details.

6

Conclusions

In this work, we described several approaches to construct robust and efficient algorithms for the
numerical simulation of incremental metal forming and deep rolling processes. The algorithms are
based on a combination of several efficient techniques like the non-smooth inexact Newton method
and overlapping domain decomposition. A number of different applications have been considered.
Numerical examples illustrate the robustness and the efficiency of the proposed algorithms.
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